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RADICAL AND WEIGHT OF SKEW BRACES AND THEIR
APPLICATIONS TO STRUCTURE GROUPS OF SOLUTIONS OF
THE YANG–BAXTER EQUATION
E. JESPERS,  L. KUBAT, A. VAN ANTWERPEN, L. VENDRAMIN
Abstract. We define the radical and weight of a skew left brace and provide
some basic properties of these notions. In particular, we obtain a Wedderburn
type decomposition for Artinian skew left braces. Furthermore, we prove ana-
logues of a theorem of Wiegold, a theorem of Schur and its converse in the
context of skew left braces. Finally, we apply these results to detect torsion in
the structure group of a finite bijective non-degenerate set-theoretic solution
of the Yang–Baxter equation.
1. Introduction
Radicals form an important tool in the structure of rings. The Jacobson radical
was introduced by Jacobson in [17]. Later, Amitsur and Kurosh studied the general
theory of radicals in [1–3,23]. Recently radical rings found new applications to the
theory of the Yang–Baxter equation (YBE).
The combinatorial version of the YBE has been studied intensively since the
papers of Drinfeld [11], Etingof, Schedler and Soloviev [12] and Gateva–Ivanova
and Van den Bergh [15]. In [28] Rump found an unexpected connection between
involutive non-degenerate solutions and Jacobson radical rings as each radical ring
produces an involutive non-degenerate solution. More precisely, if A is a radical
ring, which means that the operation
x ◦ y = x+ xy + y
turns the ring A into a group, then
r : A×A→ A×A, r(x, y) = (−x+ x ◦ y, (−x+ x ◦ y)′ ◦ x ◦ y),
where z′ denotes the inverse of the element z ∈ A with respect to the circle opera-
tion, is an involutive non-degenerate solution of the YBE.
This is just the starting point of a recent new development in the theory of
radical rings. One does not really need radical rings to produce solutions of the
YBE with Rump’s formula. This is how one finds the notion of a left brace. Thus
(left) braces appear naturally as the generalizations of radical rings that allow us
to produce solutions of the YBE by means of Rump’s formula. Actually by a result
of Rump [28] radical rings correspond to two-sided braces, i.e., left braces that also
are right braces. It turns out that, as it was proved in [12], all involutive non-
degenerate solutions of the YBE are restrictions of those solutions obtained from
left braces. This means that left braces are the right algebraic structure needed to
understand the combinatorial version of the YBE. Since braces are groups with an
additional abelian structure and radical rings provide natural examples of braces,
it is clear that methods of both group and ring theory will play a crucial role in
investigations concerning braces.
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In [16] braces were generalized to skew braces in order to study non-involutive
bijective solutions of the YBE. Again one can use skew braces to restate the results
of Soloviev [32] and Lu, Yan and Zhu [26] related to non-involutive solutions of the
YBE. Skew braces and some of their applications are intensively studied, see for
example [8–10, 21, 29–31]. For example Konovalov, Smoktunowicz and Vendramin
in [22] initiated the investigations on the solvability of a brace via the introduction
of some radicals, namely the Wedderburn radical and the solvable radical. In this
paper we continue along this line and introduce a new radical, which leads to a nice
description of the semisimple quotient.
Our radical has behaves nice as the quotient is a product of simples. We define
the radical of a skew left brace as the intersection of all of its maximal ideals, and
the weight as the minimal number of generators needed to generate the skew brace
as an ideal. We explore the connections between these notions in the context of
skew braces. As an application of our developments we prove, for example, that
Artinian perfect skew left braces and finite skew left braces of square-free order
both have always weight one.
Our results on the structure of skew braces and some of the techniques developed
have a natural application to solutions of the YBE. At the end of the paper, our
tools are powerful enough to allow us to prove analogs of a group theoretical result
of Schur and its converse. These results are interesting on their own, but they are
used in Theorem 6.2 to answer a question posed in [25] related to the torsion of the
structure group of a finite solution. Several examples show that our result on the
torsion of the structure group of a solution is sharp.
The paper is organized as follows. After giving some preliminaries in Section 2 we
study in Section 3 a brace-theoretic radical akin to the Jacobson and Brown–McCoy
radicals in ring theory, i.e., the intersection of maximal ideals of a skew left brace.
Within group theory, that is, for trivial skew left braces, it corresponds to the Frat-
tini subgroup, i.e., the intersection of all maximal subgroups. After proving some
basic properties, we show in Theorem 3.5 an analog in the context of skew braces
of a well-known group-theoretic result of Gaschu¨tz. In Theorem 3.10 we prove that
under some natural conditions about a skew left brace A, the quotient A/Rad(A)
is a direct product of finitely many simple skew left braces. Since finiteness con-
ditions are needed for our purposes, we introduce Artinian and Noetherian skew
left braces. In Section 4, following Baer’s paper [5] and motivated also by [27], we
introduce the notion of weight, that is the minimal number of generators needed to
generate a skew brace as an ideal, and study its basic properties. In Theorem 4.4
we obtain a brace-theoretic analog of Wiegold’s theorem: each Artinian perfect
skew left brace has weight equal to one. In Theorem 4.5 we prove an analog of
a theorem of Kutzko [24], that for a skew left brace A that satisfies some natural
finiteness condition, the weights of A and A/A(2) coincide. As an application of all
these results, we prove in Theorem 4.6 that a finite skew left brace of square-free
order has always weight one. In Section 5 we provide some more applications of the
notion of weight of a skew left brace to study the structure group of a solution of
the YBE. In particular, Theorem 5.4 is an analog of a celebrated group-theoretic
result found by Schur. These results are then used in Section 6 to study the torsion
of the structure group of a solution of the YBE, see Theorem 6.2. Several examples
show that the result of this theorem is sharp.
2. Preliminaries
In this section we give some of the needed background on skew left braces and
their relation with the YBE (see for example [16, 26]). A solution of the YBE is a
pair (X, r), where X is a non-empty set and r : X ×X → X ×X is a bijective map
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such that
r1r2r1 = r2r1r2,
where r1 = r × id and r2 = id× r. By convention, we always write
r(x, y) = (σx(y), τy(x)), x, y ∈ X.
The solution (X, r) is said to be non-degenerate if each σx and each τx is a bijective
map. The solution is said to be involutive provided r2 = idX×X .
Etingof, Schedler and Soloviev defined in [12] the structure group of (X, r) as the
group G(X, r) with generators the elements of X and relations given by xy = uv
whenever r(x, y) = (u, v), that is
G(X, r) = 〈X | xy = σx(y)τy(x) for x, y ∈ X〉.
This group turns out to be an important tool for studying solutions of the YBE.
The structure group of a solution is even more than just a group: it is a skew left
brace.
A skew left brace is a triple (A,+, ◦), where (A,+) and (A, ◦) are (not necessarily
abelian) groups such that
a ◦ (b+ c) = a ◦ b− a+ a ◦ c
for all a, b, c ∈ A. If A is a skew left brace then the map
λ : (A, ◦)→ Aut(A,+), a 7→ λa, λa(b) = −a+ a ◦ b,
is a group homomorphism. The following formulas are easily verified:
a+ b = a ◦ λ−1a (b), a ◦ b = a+ λa(b), −a = λa(a′),
where a′ denotes the inverse of a in (A, ◦). Moreover, the operation
a ∗ b = λa(b)− b = −a+ a ◦ b− b
satisfies the following:
x ∗ (y + z) = x ∗ y + y + x ∗ z − y,
(x ◦ y) ∗ z = x ∗ (y ∗ z) + y ∗ z + x ∗ z (∗)
for all x, y, z ∈ A. If the additive group (A,+) is commutative then A is called a
left brace. Note that if (G,+) is a group then (G,+,+) is a skew left brace, called
a trivial skew left brace. A trivial skew left brace which is a left brace is simply
called a trivial left brace.
Skew left braces yield solutions of the YBE. Indeed, if A is a skew left brace,
then the map rA : A×A→ A×A, defined as
rA(a, b) = (λa(b), λa(b)
′ ◦ a ◦ b),
is a non-degenerate solution of the YBE. This fact was first observed by Rump for
involutive solutions (see [28]).
As we mentioned in the introduction, radical rings are examples of skew left
braces. Let us mention another very important example. Namely, if (X, r) is a
non-degenerate solution of the YBE then there exists a unique skew left brace
structure over the structure group G(X, r) such that
rG(X,r)(ι× ι) = (ι× ι)r,
where ι : X → G(X, r) is the canonical map. The multiplicative group of this skew
left brace is isomorphic to the structure group G(X, r) and the additive group is
isomorphic to the group
A(X, r) = 〈X | x+ σx(y) = σx(y) + σσx(y)(τy(x)) for x, y ∈ X〉,
already considered in the works of Soloviev [32] and Lu, Yan and Zhu [26]. It is
worth to mention that in general the map ι : X → G(X, r) does not have to be an
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embedding; solutions for which this map is injective are called injective solutions,
as introduced in [32]. However, if X˜ = ι(X) and r˜ : X˜ × X˜ → X˜ × X˜ is the
restriction of rG(X,r) then the pair (X˜, r˜) is an injective solution of the YBE, called
the injectivization of (X, r), such that G(X˜, r˜) ∼= G(X, r).
Let A be a skew left brace. A left ideal of A is an additive subgroup I such that
λa(I) ⊆ I for all a ∈ A, which is equivalent to A ∗ I ⊆ I. It follows that I is then
also a subgroup of the multiplicative group of A. An ideal is a left ideal that is
normal both in the additive and the multiplicative group of A; the last condition
is equivalent to demanding that I ∗A ⊆ I. The socle of A is defined as
Soc(A) = Kerλ ∩ Z(A,+)
and the annihilator of A is defined [6] as
Ann(A) = Soc(A) ∩ Z(A, ◦).
Both the socle and the annihilator of A are ideals of A. Also the additive subgroup
A(2) generated by all elements of the form a ∗ b for a, b ∈ A is an ideal of A. We
say that A is trivial if both operations on A, that is addition and multiplication,
coincide or, in other words, if A(2) = 0. It is clear that if I is an ideal of A then
A/I is trivial if and only if A(2) ⊆ I.
3. The radical of a skew brace
If S is a subset of a skew left brace A then (S) denotes the ideal of A generated
by the set S, that is the smallest ideal of A containing S. We say that S is a
generating set for (S). Moreover, A is said to be finitely generated provided there
exists a finite subset S of A such that A = (S). Recall also that an ideal M of A
is said to be maximal if M is the only proper ideal of A containing M .
Definition 3.1. The radical Rad(A) of a skew left brace A is defined as the inter-
section of all maximal ideals of A, if such exist, and A otherwise.
Clearly Rad(A) is an ideal of A. Furthermore, if I is an ideal of A contained in
Rad(A) then Rad(A/I) = Rad(A)/I. In particular, Rad(A/Rad(A)) = 0. More-
over, if A has a non-zero homomorphic image which is finitely generated (in par-
ticular, if A is finitely generated) then it will be shown in Proposition 4.3 that
Rad(A) 6= A. Note also that if A is a trivial skew left brace then Rad(A) is the
Frattini subgroup of (A,+). Finally, in case A is a left brace corresponding to a
radical ring, the radical Rad(A) is almost never equal to A, and thus, despite the
similarity of its definition to the Jacobson and Brown–McCoy radicals in ring the-
ory, it behaves different. Therefore, Rad(A) should be treated as a new invariant
of A.
Definition 3.2. Let A be a skew left brace. We say that a ∈ A is a non-generating
element provided (S ∪ {a}) = A implies (S) = A for each subset S ⊆ A.
Definition 3.3. We say that an ideal I of a skew left brace A is small (or super-
fluous) if I + J = A implies J = A for each ideal J of A.
Using the above definitions we are able to give the following description of the
radical of a skew left brace.
Proposition 3.4. The radical Rad(A) of a skew left brace A is equal to the set of
all non-generating elements of A and also to the sum of all small ideals of A.
Proof. If a ∈ A is a non-generating element of A and M is a maximal ideal of A then
a ∈ M , because otherwise (M ∪ {a}) = A would lead to M = A, a contradiction.
Hence a ∈ Rad(A). Also conversely, let b ∈ Rad(A) and (S ∪ {b}) = A for some
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S ⊆ A. We claim that b ∈ (S), which clearly implies (S) = A. To prove the claim
suppose, on the contrary, that b /∈ (S) and consider the family
F = {I CA : (S) ⊆ I but b /∈ I}.
Applying Zorn’s Lemma to F we see that there exists a maximal ideal M of A such
that (S) ⊆ M but b /∈ M , a contradiction with b ∈ Rad(A). This completes the
proof of the first part of the Proposition.
If I is a small ideal of A and M is a maximal ideal of A then necessarily I ⊆M ,
because otherwise I+M = A would lead to M = A, a contradiction. Hence the sum
of all small ideals of A is contained in Rad(A). On the other hand, if c ∈ Rad(A)
then a similar argument as in the first paragraph of the proof shows that the ideal
(c) is small, and the result follows. 
The following result is similar to that of Gaschu¨tz [14], which says that for a
finite group G and its maximal subgroup M we have [G,G] ⊆ M or Z(G) ⊆ M .
In particular, the intersection [G,G] ∩ Z(G) is contained in the Frattini subgroup
Φ(G) of G. We denote the commutator subgroup of the group (A,+) as [A,A]+.
Note that if (A,+, ◦) is a skew left brace, then [A,A]+ is a strong left ideal of A
(see [19] for the definition of strong left ideals in skew braces).
Theorem 3.5. Let A be a skew left brace. If M is a maximal ideal of A then
[A,A]+ +A
(2) ⊆M or Soc(A) ⊆M . In particular, A(2) ∩ Soc(A) ⊆ Rad(A).
Proof. Let B = A/M . Clearly (Soc(A) + M)/M ⊆ Soc(B). As B is a simple
skew left brace, either Soc(B) = 0 or Soc(B) = B. In the former case we get
Soc(A) ⊆ M . Whereas, if Soc(B) = B then (A(2) + M)/M = B(2) = 0 yields
A(2) ⊆ M . Furthermore, as Soc(B) = B, it follows that Z(B,+) = B. Hence,
[A,A]+ ⊆ M . Since A(2) ∩ Soc(A) ⊆ M for each maximal ideal M of A, it follows
that A(2) ∩ Soc(A) ⊆ Rad(A). 
A skew left brace A is said to be prime if for all non-zero ideals I and J one has
I ∗ J 6= 0. An ideal P of a skew left brace A is said to be prime if A/P is a prime
skew left brace.
Proposition 3.6. Let M be a maximal ideal of a skew left brace A. Then M is a
prime ideal if and only if A(2) *M .
Proof. If A(2) ⊆ M then M cannot be prime, because otherwise we would get
A ⊆ M , a contradiction. On the other hand, if M is not a prime ideal then
there exist ideals I, J of A such that I ∗ J ⊆ M but I, J * M . Then clearly
I +M = J +M = A and thus, by (∗), we get
A(2) = (I +M) ∗ (J +M) ⊆ (I ◦M) ∗ J +M
⊆ I ∗ (M ∗ J) +M ∗ J + I ∗ J +M ⊆M. 
Recall that a skew left brace A is perfect if A = A(2) = A ∗A.
Corollary 3.7. Let A be a finitely generated skew left brace. Then A is perfect if
and only if all maximal ideals of A are prime.
It is worth to mention that maximal non-prime ideals of skew braces do exist.
For example, if A is a finite two sided brace, with more than one element, i.e.,
a non-trivial finite nilpotent ring, then each maximal ideal of A cannot be prime.
In [7, Example 5.3] an example is given of a finite prime non-simple left brace A with
a unique non-trivial ideal, say M . Moreover, as a left brace, M is simple. Hence
Rad(A) = M is perfect; again confirming that the behaviour of the brace-theoretic
radical can be very different from that in ring theory.
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Definition 3.8. If A is a skew left brace then Rad′(A) denotes the intersection of
all maximal ideals of A which are prime, if such exist, and A otherwise. Clearly
Rad(A) ⊆ Rad′(A).
Proposition 3.9. Assume that I is an ideal of a skew left brace A. Then Rad(I) ⊆
Rad(A) and Rad′(I) ⊆ Rad′(A).
Proof. If Rad(A) = A then clearly Rad(I) ⊆ Rad(A). So assume that Rad(A) 6= A
and choose a maximal ideal M of A. If I ⊆M then Rad(I) ⊆M . Whereas, if I is
not contained in M then I +M = A and thus
I/(I ∩M) ∼= (I +M)/M = A/M
is a simple skew left brace. Therefore, I ∩M is a maximal ideal of I. Hence we get
Rad(I) ⊆ I ∩M ⊆M . Since a similar proof works for Rad′, the result follows. 
We say that a skew left brace A is Artinian if every descending chain of ideals of
A is eventually stationary. The following result may be viewed as a brace-theoretic
analog of the celebrated Artin–Wedderburn decomposition theorem for semisimple
(that is, Artinian and semiprimitive) rings.
Theorem 3.10. If A is an Artinian skew left brace (in particular, if A is finite)
then the skew left brace A/Rad(A) is isomorphic to a direct product of finitely many
simple skew left braces. In particular, if furthermore A is prime, then A is simple
if and only if Rad(A) = 0.
Proof. Consider the family
F = {M1 ∩ · · · ∩Mn : each Mi is a maximal ideal of A and n > 1}.
Since A is Artinian, there exists a minimal member R = M1∩ · · ·∩Mn of F . First,
note that Rad(A) = R. Indeed, clearly Rad(A) ⊆ R and if M is a maximal ideal
of A then R ∩M is a member of F . Hence R = R ∩M ⊆M by the minimality of
R in F . Because R ⊆M for each maximal ideal M of A, we get R ⊆ Rad(A).
Next, we claim that if none of the ideals M1, . . . ,Mn is redundant in the pre-
sentation of the radical R = M1 ∩ · · · ∩Mn as an intersection of maximal ideals
then A/R ∼= A/M1 × · · · × A/Mn. If n = 1 then the claim is trivial. If n = 2 then
the natural injective morphism A/R→ A/M1 ×A/M2 is also surjective. Indeed, if
a1, a2 ∈ A then using A = M1 +M2 we may write ai = xi + yi, where xi ∈M1 and
yi ∈M2 for 1 6 i 6 2. Define x = y1 + x2. Then
x− a1 = y1 + x2 − y1 − x1 ∈M1,
x− a2 = y1 + x2 − y2 − x2 ∈M2.
Hence the claim also follows in this case. (Note that the above proof shows in fact
that A/(I ∩ J) ∼= A/I × A/J for any ideals I and J of A satisfying I + J = A.)
Finally, if n > 2 then J = M2 ∩ · · · ∩Mn *M1 (otherwise M1 would be redundant
in the presentation of R as an intersection of maximal ideals) and thus we get
M1 +J = A. Hence (by the comment above) A/R ∼= A/M1×A/J . Since A/J is an
Artinian skew left brace with trivial radical that can be presented as an intersection
of n− 1 maximal ideals M2/J, . . . ,Mn/J , it follows by induction on n that
A/J ∼= (A/J)/(M2/J)× · · · × (A/J)/(Mn/J) ∼= A/M2 × · · · ×A/Mn,
which completes the proof. 
Solvable braces were introduced in [4], and studied later in [22]. For a skew left
brace A define A1 = A and Ai+1 = Ai ∗Ai for i > 1. Then A is said to be solvable
provided An = 0 for some n > 1.
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Proposition 3.11. Assume that A is a solvable skew left brace. If M is a maximal
ideal of A then A(2) ⊆M , so M is not prime. In particular, A(2) ⊆ Rad(A).
Proof. Since A is a solvable skew left brace, it follows that A/M is a solvable simple
skew left brace. Hence (A/M)(2) = 0 and thus we get A(2) ⊆ M . Moreover, the
remaining assertion is a consequence of Proposition 3.6. 
The following examples show that the converse of Proposition 3.11 is not true.
Example 3.12. Let A = S(24, 708), a non-solvable skew left brace with additive
group isomorphic to S4, see [22, §2]. A straightforward computer calculation shows
that A has a unique, hence maximal, ideal 0 6= I 6= A and 0 6= A(2) 6= A. Therefore
A(2) = I = Rad(A).
Example 3.13. Let A be a simple left brace of odd order, which admits an auto-
morphism of order 2. Examples of simple left braces of odd order were constructed
in [7]. Moreover, since some of these left braces are the so-called asymmetric prod-
ucts of trivial braces, it is easy to check that they do admit automorphisms of
order 2. Then the left brace B = Ao C2 is a non-solvable brace, for which B(2) is
contained in every maximal ideal.
4. The weight of a skew brace
In this Section, following Baer’s paper [5] and motivated also by [27], we in-
troduce the notion of weight of a skew left brace, that is the minimal number of
generators needed to generate a skew left brace as an ideal, and study its basic
properties.
Definition 4.1. Let A be a non-zero skew left brace. The weight ω(A) of A is
defined as the minimal number of elements of A needed to generate A (as an ideal).
By convention, we put ω(A) = 1 if A = 0.
Example 4.2. Let p be a prime number and n ∈ N. The trivial brace over the
elementary abelian group Cnp has weight n.
Using standard arguments, including those based on Zorn’s lemma, it is easy to
show the following facts.
Proposition 4.3. Let A be a skew left brace.
(1) If I is a proper ideal of A such that A/I has finite weight then there exists
a maximal ideal M of A containing I.
(2) If A is of finite weight and S is a subset of A then S generates A if and
only if its image in A/Rad(A) generates A/Rad(A). In particular,
ω(A) = ω(A/Rad(A)).
Our next result may be treated as a brace-theoretic version of Wiegold’s problem
that appeared in the Kourovka Notebook [20, Problem 5.52], which asks whether
a finitely generated perfect group is the normal closure of a single element.
Theorem 4.4. Assume that A is an Artinian skew left brace of finite weight. If A
is perfect then ω(A) = 1.
Proof. Clearly we may assume that A 6= 0. Then, by Proposition 4.3, we may also
assume that Rad(A) = 0. Furthermore, Theorem 3.10 assures that we may restrict
to the case A = A1 × · · · × An, where A1, . . . , An 6= 0 are Artinian, simple and
perfect skew left braces. Because Ai ∗ Ai = Ai 6= 0, there exists xi ∈ Ai such that
Ai ∗ xi 6= 0. Let x = (x1, . . . , xn) ∈ A and let I = (x) be the ideal of A generated
by x. Since ai ∗ xi 6= 0 for some ai ∈ Ai, we get
ei = (0, . . . , 0, ai, 0, . . . , 0) ∗ x = (0, . . . , 0, ai ∗ xi, 0, . . . , 0) ∈ I.
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But (ai ∗ xi) = Ai guarantees that the ideal of A generated by ei is equal to
{0} × · · · × {0} ×Ai × {0} × · · · × {0}.
Hence A =
∑n
i=1(ei) ⊆ I and thus A = I = (x). 
The following is similar to the result of Kutzko [24], which asserts that the group-
theoretic weight of a group G satisfying a certain mild finiteness condition is equal
to the weight of its abelianization Gab = G/[G,G].
Theorem 4.5. Let A be a skew left brace of finite weight. If the lattice of ideals of
A contained in A(2) satisfies the descending chain condition then
ω(A) = ω(A/A(2)).
Proof. Let n = ω(A/A(2)). Clearly it is enough to show that ω(A) 6 n. To do this,
fix an ideal I of A contained in A(2) such that ω(A/I) = n and minimal with that
property. Then choose elements x1, . . . , xn ∈ A such that the set {x1+I, . . . , xn+I}
generates A/I. Let K denote the ideal of A generated by the set {x1, . . . , xn}. Put
J = K ∩ I.
We claim that J = I and then I ⊆ K together with A = I + K imply A = K,
which clearly leads to ω(A) 6 n, as desired. To prove our claim assume, on the
contrary, that J 6= I. Since I/J ∼= A/K and ω(A) < ∞, we obtain ω(I/J) < ∞.
Therefore, there exists an ideal L in I containing J such that ω(I/L) = 1. Because
A/J ∼= I/J ×K/J and J ⊆ L, it follows that L is an ideal of A.
Since I ⊆ A(2), we get I/L ⊆ (A/L)(2). Moreover, as A/L ∼= I/L × K/J , we
obtain I/L ⊆ (I/L)(2), which shows that I/L is perfect.
Because ω(I/L) = 1, there exists g ∈ I such that the ideal generated by g in
I/L is equal to I/L. Write x1 for the image of x1 in K/J . If y ∈ I/L then
A/L ∼= I/L×K/J implies that y ∗ (g + x1) = y ∗ g. Thus the ideal M1 generated
by the set {y ∗ g : y ∈ I/L} is contained in the ideal of A/L generated by g + x1.
Furthermore, as g + x1 = g ◦ x1 in A/L, it follows that
(g + x1) ∗ y = g ∗ (x1 ∗ y) + x1 ∗ y + g ∗ y = g ∗ y.
This shows that the ideal M2 generated by the set {g ∗ y : y ∈ I/L} is contained in
the ideal generated by g + x1. Hence (I/L)/(M1 +M2) is a trivial skew left brace
and cyclic as a group (with a generator the natural image of g). Because I/L is
perfect, we get I/L = M1 +M2. Therefore, I/L is contained in the ideal N of A/L
generated by g+x1. This in turn shows that I = N+L. Let T = {g+x1, x2, . . . , xn}
and M denotes the ideal generated by T . Then
A = K + I = M + I = M + L,
which yields ω(A/L) 6 ω(A/I). Since L is properly contained in I, we conclude
that ω(A/L) = ω(A/I) = n, which is in contradiction with the minimality of I. 
Theorem 4.6. Let A be an Artinian skew left brace of finite weight. Then
ω(A) = ω((B/B(2))ab),
where B = A/Rad(A). In particular, if (B/B(2))ab is cyclic (for example if A is
of square-free order) then ω(A) = 1.
Proof. Proposition 4.3 yields ω(A) = ω(B). Furthermore, Theorem 3.10 implies
B ∼= S1 × · · · × Sn, where S1, . . . , Sn are simple skew left braces. Therefore, Theo-
rem 4.5 gives ω(B) = ω(B/B(2)). Note that
B/B(2) ∼= Si1 × · · · × Sik ,
where {i1, . . . , ik} ⊆ {1, . . . , n} and Si1 , . . . , Sik are simple trivial skew left braces,
i.e., these are simple groups. As B/B(2) is a trivial skew left brace, ω(B/B(2))
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is the group-theoretic weight of B/B(2). Hence, by Kutzko’s theorem [24], both
weights are equal to the group-theoretic weight of the abelianization (B/B(2))ab.
Therefore, it remains to show that if A is of square-free order then (B/B(2))ab
is cyclic. But in this case
(B/B(2))ab ∼= Cp1 × · · · × Cpj ∼= Cp1···pj
for some j 6 k and some, pairwise distinct, prime numbers p1, . . . , pj . 
Proposition 4.7. Let A be a perfect skew left brace such that ω(A) = 1 (this
condition is satisfied if A is Artinian of finite weight, in particular if A is finite; see
Theorem 4.4). If B is a trivial skew left brace of finite weight then ω(A×B) = ω(B).
Proof. Assume that A = (a) and B = (b1, . . . , bn), where n = ω(B). Fix b ∈ B.
Since B is a trivial skew left brace, for each x ∈ A there exist k ∈ Z such that
(x, bk) belongs to the ideal of A×B generated by (a, b) ∈ A×B. Furthermore,
(x, bk) ∗ (y, bl) = (x ∗ y, 0)
for y ∈ A and l ∈ Z. As A is perfect, it follows that A × {0} is contained in the
ideal of A×B generated by (a, b). In particular, A× {0} is contained in the ideal
I of A × B generated by (a, b1), . . . , (a, bn) ∈ A × B. But then (a, 0) ∈ I leads to
(0, bi) ∈ I for each 1 6 i 6 n, which yields A×B = I. Thus ω(A×B) 6 n. Since
(A × B)/A ∼= B, we get the opposite inequality n 6 ω(A × B). Hence the result
follows. 
Recall that a skew left brace B acts on a skew left brace A if there is a group
homomorphism θ : (B, ◦) → Aut(A,+, ◦). In this case, one defines the semidirect
product AoB of skew left braces by declaring
(a1, b1) + (a2, b2) = (a1 + a2, b1 + b2),
(a1, b1) ◦ (a2, b2) = (a1 ◦ θ(b1)(a2), b1 ◦ b2)
for a1, a2 ∈ A and b1, b2 ∈ B. As an another application of Theorem 4.5 we get the
following strengthening of Proposition 4.7 for Artinian skew left braces.
Corollary 4.8. Let A and B be Artinian skew left braces. Assume that B acts on
A and that A is perfect. Then ω(AoB) = ω(B).
Proof. Let a, c ∈ A and b, d ∈ B. Then
(a, b) ∗ (c, d) = −(a, b) + (a, b) ◦ (c, d)− (c, d)
= (−a+ a ◦ θ(b)(c)− c, b ∗ d).
Clearly, A = A(2) ⊆ (A o B)(2) and thus B(2) ⊆ (A o B)(2). This shows that
(AoB)(2) = AoB(2). By Theorem 4.5 we get
ω(AoB) = ω((AoB)/(AoB)(2))
= ω((AoB)/(AoB(2)))
= ω(B/B(2))
= ω(B),
and the result follows. 
Finally, Theorem 4.5 leads also to a very short proof of Theorem 4.4. Indeed, as
A is perfect, we obtain A(2) = A. Since A is Artinian, it follows by Theorem 4.5
that ω(A) = ω(A/A(2)) = ω(0) = 1.
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5. Applications of the radical and weight of a skew brace
In this section we provide some applications of the notion of weight of a skew
left brace to study structure groups, treated as skew left braces, of solutions of the
YBE.
We shall start with properties concerning chain conditions. Recall that a skew
left brace A is said to be Noetherian if every ascending chain of ideals of A is
eventually stationary. It is clear that a skew left brace is Noetherian if and only if
all its ideals have finite weight.
As was mentioned in Section 2, the structure group G(X, r) of a finite non-
degenerate solution (X, r) of the YBE is actually a skew left brace with the additive
structure isomorphic to (A(X, r),+). Moreover, the map
λ : (G(X, r), ◦)→ Aut(A(X, r),+), a 7→ λa, λa(b) = −a+ a ◦ b
is a homomorphism of groups. Since its image
G(X, r) = 〈σx : x ∈ X〉
(the so-called permutation group of (X, r)) is finite, Kerλ is of finite index in
G(X, r). Moreover, by [18, Theorem 2.7], it follows that the group A(X, r) is
central-by-finite. Hence
Soc(G(X, r)) = Kerλ ∩ Z(A(X, r))
is a finite index subgroup of Kerλ. Therefore, Soc(G(X, r)) is of finite index in
G(X, r). Since G(X, r) is finitely generated, it follows that Soc(G(X, r)) is finitely
generated as well. Thus Soc(G(X, r)) is a finitely generated infinite abelian group.
This implies the following result.
Proposition 5.1. Let (X, r) be a finite non-degenerate solution of the YBE.
(1) The skew left brace G(X, r) is not Artinian.
(2) The skew left brace G(X, r) is Noetherian.
Proposition 5.2. Assume that (X, r) is a finite non-degenerate solution of the
YBE with m orbits. Then
ω(G(X, r)/ Soc(G(X, r))) 6 ω(G(X, r)) 6 m.
Moreover, the solution (X, r) is trivial if and only if ω(G(X, r)) = |X|.
Proof. The multiplicative group ofG(X, r) is generated byX. Hence it is generated,
as an ideal, by a complete set of representatives of the m orbits, which implies that
ω(G(X, r)) 6 m. The lower bound for ω(G(X, r)) is obvious.
Let n = |X|. If (X, r) is trivial then G(X, r) ∼= Zn and thus we get ω(G(X, r)) =
ω(Zn) = n. Now assume that ω(G(X, r)) = n. Then X is a minimal generating set
of G(X, r). We claim that λx(y) = y for all x, y ∈ X. Otherwise, if λx(y) = z for
some y 6= z ∈ X then X \ {z} is a generating set of size < n. The minimality of X
implies that X embeds into G(X, r) and hence
r(x, y) = rG(X,r)(x, y) = (λx(y), λx(y)
′ ◦ x ◦ y) = (y, y′ ◦ x ◦ y).
If there exist u, v ∈ X such that v′ ◦ u ◦ v = w for some u 6= w ∈ X then X \ {w}
is a generating set of size < n. Therefore, r(x, y) = (y, x) for all x, y ∈ X. 
Note that if (X, r) is a finite non-degenerate involutive solution of the YBE
then G(X, r)/ Soc(G(X, r)) ∼= G(X, r). Hence, by Proposition 5.2, we obtain
ω(G(X, r)) 6 ω(G(X, r)). Furthermore, if (X, r) is also indecomposable then
G(X, r) and G(X, r) both have weight equal to one.
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Example 5.3. Let (X, r) be a finite non-degenerate solution of the YBE. Then the
map deg : (G(X, r),+)→ Z, given by x 7→ 1 for x ∈ X, is a group homomorphism.
Since deg(x ∗ y) = 0 for all x, y ∈ G(X, r), it follows that G(X, r) is not perfect.
For a skew left brace A,
Fix(A) = {a ∈ A : λb(a) = a for all b ∈ A}
is a left ideal of A (see [19]). The following result can be understood as a brace-
theoretic analog of Schur’s theorem, which says that the derived subgroup [G,G]
of a group G is finite provided Z(G) is of finite index in G; the converse is true if
G is finitely generated.
Theorem 5.4. Let A be a skew left brace such that A/Ann(A) is finite. Then A(2)
and [A,A]+ are finite. The converse holds if the additive group (A,+) is finitely
generated.
Proof. Assume first that A/Ann(A) is finite. LetX = (A,+) and G = {λa : a ∈ A}.
Note that
|G| 6 |A/ Soc(A)| 6 |A/Ann(A)| <∞.
Next, consider the group Γ = XoG, where the action of G on X is given by applying
the map λ. As Ann(A) ⊆ Fix(A) ∩ Z(X), it follows that Z = Ann(A) × {id} is a
central subgroup of Γ. Because
|Γ/Z| = |A/Ann(A)| · |G| <∞,
we get |Γ/Z(Γ)| < ∞. Hence Schur’s theorem implies that [Γ,Γ] is a finite group.
Moreover, if a, b ∈ A then
[(0, λa), (b, id)] = (λa(b)− b, id) = (a ∗ b, id) ∈ [Γ,Γ].
This shows that A(2) is finite. Furthermore, as [X,X] embeds in [Γ,Γ], we conclude
that [X,X] is finite. Hence the first part follows.
To prove the second part, assume that both A(2) and [A,A]+ are finite. Moreover,
assume that x1, . . . , xn ∈ A generate the group (A,+). If a ∈ A and b ∈ Ann(A)
then, by (∗), we get
(a+ b) ∗ xi = (b ◦ a) ∗ xi = b ∗ (a ∗ xi) + (a ∗ xi) + (b ∗ xi) = a ∗ xi
and
xi ∗ (a+ b) = xi ∗ a+ a+ xi ∗ b− a = xi ∗ a
for each 1 6 i 6 n. Moreover, Ann(A) ⊆ Z(A,+) implies that [a+ b, xi]+ = [a, xi]+
for each 1 6 i 6 n. Hence, the map
f : A/Ann(A)→ (A(2))n × (A(2))n × ([A,A]+)n,
given by the formula
f(a) = (a ∗ x1, . . . , a ∗ xn, x1 ∗ a, . . . , xn ∗ a, [a, x1]+, . . . , [a, xn]+),
is well-defined. We claim that f is injective. To prove this let a, b ∈ A be such that
f(a) = f(b). Then a ∗ xi = b ∗ xi, xi ∗ a = xi ∗ b and [a, xi]+ = [b, xi]+ for each
1 6 i 6 n. Therefore,
xi ∗ (−a+ b) = xi ∗ (−a)− a+ xi ∗ b+ a
= xi ∗ (−a)− a+ xi ∗ a+ a
= xi ∗ (−a+ a)
= 0,
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which yields −a+ b ∈ Fix(A). Hence
a′ ◦ b = a′ + λa′(b) = a′ + λa′(a− a+ b)
= a′ + λa′(a)− a+ b = −a+ b.
Moreover, as a∗xi = b∗xi, we get λa(xi) = λb(xi). Since this holds for all additive
generators x1, . . . , xn ofA, it follows that λa = λb. Therefore, a
′◦b = −a+b ∈ Kerλ.
Lastly, we claim that −a + b ∈ Z(A,+). Indeed, as [a, xi]+ = [b, xi]+, it follows
that
[−a+ b, xi]+ = −a+ b+ xi − b+ a− xi
= −a+ [b, xi]+ − [a, xi]+ + a = 0.
In conclusion, we get −a + b ∈ Fix(A) ∩ Soc(A) = Ann(A), which yields a = b.
Because both A(2) and [A,A]+ are finite, we conclude by injectivity of f that
A/Ann(A) is finite as well. 
6. Torsion in structure groups
Let (X, r) be a finite non-degenerate solution of the YBE. In this section we
study the torsion of the multiplicative group of G(X, r). It is known that if (X, r)
is involutive then G(X, r) is torsion-free (see [15]). However, as Example 6.1 shows,
the group G(X, r) may be torsion-free also for non-involutive solutions. In this
section we determine precisely when the structure group is torsion-free.
Example 6.1. Let X = {1, 2, 3, 4} and r(x, y) = (σ(y), τ(x)), where σ = (12) and
τ = (34). Then (X, r) is a non-involutive non-degenerate solution. Moreover, the
skew left brace G(X, r) is trivial and both of its groups (additive and multiplicative)
are isomorphic to Z× Z.
Recall that if (X, r) is a solution of the YBE then the derived solution (X, r.)
of (X, r) is the solution defined as r.(x, y) = (y, y . x), where
y . x = σy(τσ−1x (y)(x)).
The derived solution (X, r.) is said to be indecomposable if the action of the group,
generated by all permutations x 7→ y . x, on X is transitive. Moreover, it is called
a quandle provided x . x = x for each x ∈ X.
Theorem 6.2. Let (X, r) be a non-degenerate finite solution of the YBE. If the
derived solution (X, r.) is indecomposable then G(X, r)∗G(X, r) is finite. Moreover,
if G(X, r)  Z then the multiplicative group of G(X, r) has torsion.
Proof. Let A be the additive group of the skew left brace G(X, r). As before, let
deg : A→ Z denote the homomorphism of groups given by deg(x) = 1 for all x ∈ X.
Then, by [13, Lemma 2.2], we have Ker(deg) = [A,A]. Moreover, recall that A is
central-by-finite (see [18, Theorem 2.7]). Thus, by Schur’s theorem, [A,A] is finite.
As G(X, r)∗G(X, r) ⊆ Ker(deg) = [A,A], it follows that G(X, r)∗G(X, r) is finite.
To prove the second claim, suppose that G(X, r)  Z and assume G(X, r) ∗
G(X, r) = 0. Then the skew left brace G(X, r) is trivial. Hence the multiplicative
group of G(X, r) is isomorphic to A. If [A,A] = 0 then A is abelian, and thus finitely
generated free abelian group. Since, by assumption, the derived solution (X, r.)
is indecomposable, it follows that G(X, r) ∼= A ∼= Z, a contradiction. In this case,
the multiplicative group of G(X, r) has a non-trivial finite subgroup isomorphic to
[A,A]. 
Remark 6.3. In the proof of Theorem 6.2 we have used [13, Lemma 2.2], which
holds for racks and not only for quandles.
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An example of a solution of the YBE satisfying all the requirements of Theo-
rem 6.2 is the following.
Example 6.4. Let X = C3 be the cyclic group of size three and
r(x, y) = (xy−1x−1, xy2) = (y2, xy2).
Then (X, r) is a non-degenerate finite solution of the YBE with the multiplicative
group of G(X, r) isomorphic to
G = 〈x, y, z | xy = yx = z2, xz = zx = y2〉,
and the additive group of G(X, r) isomorphic to
A = 〈a, b, c | ab = bc = ca, cb = ba = ac〉.
Routine calculations show that G ∼= Z×C3, so it has torsion. An element of order
three in G is yz−1.
Theorem 6.5. Let (X, r) be a finite non-degenerate solution of the YBE. Then
the group G(X, r) is torsion-free if and only if the injectivization of (X, r) is an
involutive solution.
Proof. Clearly, we may assume that (X, r) is an injective solution.
Suppose G = G(X, r) is torsion-free. Recall that G(X, r) has a natural skew left
brace structure with (G,+) ∼= A(X, r). Denote by [G,G]+ the additive commutator
subgroup of (G,+). Since A(X, r) is central-by-finite, by Schur’s theorem [G,G]+
is finite. As [G,G]+ is a characteristic subgroup of (G,+), it follows that [G,G]+
is a subgroup of (G, ◦). Because G is torsion-free, this subgroup has to be trivial.
Hence, (G,+) ∼= A(X, r) is abelian. Therefore, by [25, Theorem 7.15], (G,+) is free
abelian. Thus, because of the injectivity of (X, r), using similar arguments as in
the last paragraph of the proof of [18, Theorem 2.7]), we conclude that the solution
(X, r) is involutive. The reverse implication is well-known [15], hence the result is
proved. 
We do not know how to compute the weight of the structure skew brace of a
finite solution of the YBE. Moreover, is there a connection between the weight of a
left brace A and the weight of the left brace G(A, rA), where (A, rA) is the solution
associated to A?
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